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SUMMARY 
A two-s t ep  hybr id  ana lys i s  t echn ique  is p r e s e n t e d  f o r  p r e d i c t i n g  t h e  n o n l i n e a r  
s t e a d y - s t a t e   t e m p e r a t u r e   d i s t r i b u t i o n   i n   s t r u c t u r e s   a n d   s o l i d s .  The technique  is 
b a s e d  o n  t h e  s u c c e s s i v e  a p p l i c a t i o n  o f  t h e  r e g u l a r  p e r t u r b a t i o n  e x p a n s i o n  a n d  t h e  
c lass ical  Bubnov-Galerkin  approximation. The f u n c t i o n s   a s s o c i a t e d   w i t h   t h e   v a r i o u s -  
o r d e r  terms i n  t h e  p e r t u r b a t i o n  e x p a n s i o n  o f  t h e  t e m p e r a t u r e  are f i r s t  o b t a i n e d  b y  
u s i n g   t h e   r e g u l a r   p e r t u r b a t i o n  method.  These  functions are s e l e c t e d  as c o o r d i n a t e  
f u n c t i o n s  (or temperature   modes)   and  the c lass ical  Bubnov-Galerkin  technique is t h e n  
used t o  compute t h e i r  a m p l i t u d e s .  
T h e  p o t e n t i a l  of t h e  p r o p o s e d  h y b r i d  t e c h n i q u e  f o r  t h e  s o l u t i o n  o f  n o n l i n e a r  
thermal  problems i s  d i s c u s s e d .  The e f f e c t i v e n e s s  of t h i s   t e c h n i q u e  i s  demonst ra ted  
by means  of t h ree  numer i ca l  examples ,  wh ich  inc lude  the  e f f ec t s  o f  conduc t ion ,  con-  
v e c t i o n ,  a n d  r a d i a t i o n  modes o f  h e a t  t r a n s f e r .  
R e s u l t s  o f  . t h e  s t u d y  i n d i c a t e  t h a t  the hybrid  technique  overcomes two major 
drawbacks of t h e  c lass ical  techniques :  ( 1 )  the   requi rement   o f   us ing  a small parame- 
ter  i n  t h e  r e g u l a r  p e r t u r b a t i o n  method  and ( 2 )  t h e  a r b i t r a r i n e s s  i n  t h e  c h o i c e  of t h e  
coord ina te   func t ions   i n   t he   Bubnov-Ga le rk in   t echn ique .   The re fo re ,   t he   p roposed   t ech -  
n i q u e  e x t e n d s  t h e  r a n g e  o f  a p p l i c a b i l i t y  o f  t h e  r e g u l a r  p e r t u r b a t i o n  method  and 
enhances  the  effect iveness   of   the   Rubnov-Galerkin  technique.  
INTRODUCTION 
I n  r e c e n t  y e a r s ,  i n c r e a s i n g  a t t e n t i o n  h a s  b e e n  d e v o t e d  t o  t h e  a p p l i c a t i o n  of 
approx ima te   ana ly t i ca l   t echn iques   t o   non l inea r   hea t - t r ans fe r   p rob lems .   Ana ly t i ca l  
t echniques  have  the  major  advantage  over  numer ica l  d i scre t iza t ion  techniques  of  pro- 
v i d i n g  p h y s i c a l  i n s i g h t  i n t o  t h e  n a t u r e  o f  t h e  s o l u t i o n  o f  t h e  p r o b l e m .  M o r e o v e r ,  
a n a l y t i c a l  t e c h n i q u e s  c a n  be u s e d  i n  c o n j u n c t i o n  w i t h  a p a r t i t i o n i n g  scheme f o r  t h e  
the rma l   ana lys i s   o f   i nd iv idua l   componen t s  of p r a c t i c a l   ( c o m p l e x )   s t r u c t u r e s .  Two of 
t h e  commonly used  approx ima te  ana ly t i ca l  t echn iques  are t h e  r e g u l a r  p e r t u r b a t i o n  
method  and  the  Bubnov-Galerkin  technique.  Review  of  the many a p p l i c a t i o n s   o f   t h e s e  
techniques  t o  thermal  problems is g i v e n  i n  a survey  paper ( re f .  1 )  and a monograph 
(ref.  2). 
The regular p e r t u r b a t i o n  method cons i s t s  o f  t he  deve lopmen t  of t h e  s o l u t i o n  i n  
terms of unknown f u n c t i o n s  w i t h  p r e a s s i g n e d  c o e f f i c i e n t s .  The unknown f u n c t i o n s  are 
o b t a i n e d  b y  s o l v i n g  a r e c u r s i v e  se t  o f  d i f f e r e n t i a l  e q u a t i o n s  w h i c h  are, i n  g e n e r a l ,  
simpler t h a n  t h e  o r i g i n a l  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  of t h e  problem. By con- 
trast, in  the  Bubnov-Galerk in  technique ,  the  tempera ture  i s  s o u g h t  i n  t h e  f o r m  o f  a 
series of a pr ior i  c h o s e n  c o o r d i n a t e  f u n c t i o n s  (or temperature  modes)  with unknown 
c o e f f i c i e n t s  . 
Despite t h e i r  u s e f u l n e s s  i n  s o l v i n g  n o n l i n e a r  thermal problems, the  aforemen- 
t i o n e d  two techniques  have a number of   d rawbacks .   Regular   per turba t ion   techniques  
have t w o  major drawbacks. %e first stems f rom  the  fact  that as t h e  number of terms 
i n  t h e  p e r t u r b a t i o n  series i n c r e a s e s ?  t h e  m a t h e m a t i c a l  c o m p l e x i t y  o f  t h e  d i f f e r e n t i a l  
e q u a t i o n s   b u i l d s   u p   r a p i d l y .  Therefore, f o r  practical  a p p l i c a t i o n s ,   t h e   p e r t u r b a t i o n  
series has  t o  be restricted t o  a few terms. The second  drawback is the   r equ i r emen t  
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o f  r e s t r i c t i n g  t h e  p e r t u r b a t i o n  parameter t o  small v a l u e s  i n  order t o  o b t a i n  s o l u -  
t i o n s   o f  acceptable accuracy.  The main shortcoming  of   the  Bubnov-Galerkin  technique,  
from a pract ical  p o i n t  o f  view, is the d i f f i c u l t y  of s e l e c t i n g  good coord ina te  func -  
t i o n s   ( o r   m o d e s ) .  
The aforementioned drawbacks of the  r egu la r  pe r tu rba t ion  t echn ique  have  been  
recognized  and a number of r e m e d i a l  a c t i o n s  were proposed. These  included  the  use  of  
a small number of terms (e.g., t w o  or t h r e e )  i n  t h e  p e r t u r b a t i o n  e x p a n s i o n  a n d  e i t h e r  
( 1 )  g e n e r a t i n g  " m i m i c  f u n c t i o n s "  w h i c h  g i v e  a c c u r a t e  n u m e r i c a l  estimates of t h e  s o l u -  
t i o n  o v e r  t h e  e n t i r e  p h y s i c a l  d o m a i n  (ref. 3 ) ,  or ( 2 )  a p p l y i n g  a n o n l i n e a r  t r a n s f o r -  
mation  (e.g. ,   Shanks  transformation, ref. 4) t o  estimate t h e  s o l u t i o n  as t h e  number 
of terms g o e s  t o  i n f i n i t y .  However, as shown i n  r e f e r e n c e  5 , t h e   s u c c e s s   o f  these 
methods  cannot be g u a r a n t e e d  i n  g e n e r a l ,  a n d  t h e  r e m e d i a l  a c t i o n s  may f a i l  t o  p r o d u c e  
s a t i s f a c t o r y  r e s u l t s .  
The s u c c e s s f u l  e x p e r i e n c e  o b t a i n e d  w i t h  t h e  h y b r i d  n u m e r i c a l  p r o c e d u r e  w h i c h  
combines  the  f in i t e - e l emen t  method w i t h  t h e  G a l e r k i n  t e c h n i q u e  i n  r e f e r e n c e  6 raises 
t h e  q u e s t i o n  as to  whether  the use of  a hybrid technique which combines both the 
s t a n d a r d  r e g u l a r  p e r t u r b a t i o n  method  and the  c l a s s i ca l  Bubnov-Ga le rk in  t echn ique  
might  overcome  the major drawbacks  of  the two techniques and provide a more e f f e c t i v e  
approximate   ana lys i s   p rocedure .  The p r e s e n t   s t u d y   f o c u s e s   o n   t h i s   q u e s t i o n .   S p e c i f -  
i c a l l y ,  t h e  o b j e c t i v e s  of t h i s  paper are ( 1  ) to p r e s e n t  a hybrid per turbat ion/Bubnov- 
G a l e r k i n  t e c h n i q u e  f o r  n o n l i n e a r  t h e r m a l  a n a l y s i s  a n d  ( 2 )  t o  d e m o n s t r a t e  t h e  e f f e c -  
t i v e n e s s  of the   p roposed   technique  by  means  of numerical   examples.  The technique  i s  
d e s c r i b e d  as a formal   p rocedure   wi thout   any   a t tempt  to  j u s t i f y  i t  r i g o r o u s l y .  How- 
e v e r ,  t h e  n u m e r i c a l  r e s u l t s  p r e s e n t e d  h e r e i n  are i n t e n d e d  t o  g i v e  t h e  a n a l y s t s  some 
i n s i g h t  i n t o  t h e  p o t e n t i a l  o f  t h e  p r o p o s e d  t e c h n i q u e  a n d  t o  s t i m u l a t e  r e s e a r c h  a n d  
deve lopmen t  o f  t he  ma themat i ca l  founda t ions  necessa ry  to  r ea l i ze  this p o t e n t i a l .  
To sha rpen   t he   focus   o f   t he   s tudy ,   d i scuss ion  i s  limited t o  n o n l i n e a r  s t e a d y -  
s t a t e   t h e r m a l   a n a l y s i s   w i t h   c o n t i n u o u s   t e m p e r a t u r e   f i e l d s   i n   t h e  space domain. Non- 
l i n e a r  c o n d u c t i o n ,  c o n v e c t i o n ,  a n d  r a d i a t i o n  modes o f  h e a t  t r a n s f e r  are c o n s i d e r e d .  
The h y b r i d  t e c h n i q u e  p r e s e n t e d  h e r e i n  i s  a l s o  e x p e c t e d  t o  be p a r t i c u l a r l y  u s e f u l  for 
n o n l i n e a r  t r a n s i e n t  t h e r m a l  p r o b l e m s .  
SYMBOLS 
c r o s s - s e c t i o n a l  area of f i n  
b o u n d a r y  d i f f e r e n t i a l  operator (see eq. ( 2 ) )  
c i r c u m f e r e n c e  o f  f i n  cross s e c t i o n  
c o n s t a n t s  d e f i n e d  i n  a p p e n d i x  
error norm d e f i n e d  i n  e q u a t i o n  (1  7 )  
c o n v e c t i v e  h e a t - t r a n s f e r  c o e f f i c i e n t  
t h e r m a l  c o n d u c t i v i t y  c o e f f i c i e n t  
t h e r m a l   c o n d u c t i v i t y   c o e f f i c i e n t s  a t  T = T and T = 0 
f i n  l e n g t h  (also, s i d e   l e n g t h   o f  p la te )  
a 
2 
5f ,3,3 d i f f e r e n t i a l  operators d e f i n e d   i n   e q u a t i o n s  ( 1 1 ,  ( 3 ) ,  and ( 4 )  
0 d i f f e r e n t i a l  operators d e f i n e d   i n   e q u a t i o n s  (5), (6), (91, ( l o ) ,  ( 1 1 1 ,  
N -  and  (12) 
m number o f   p o i n t s  a t  which  numerical   values of temperature  are e v a l u a t e d  
n t o t a l  number o f   c o o r d i n a t e   f u n c t i o n s  
"1 
9 r  91 I 9 2  p e r t u r b a t i o n   p a r a m e t e r s  
r ange   o f   i nd ices  (see eq. ( 8 ) )  
- N  
R . r R i j  f u n c t i o n s   d e f i n e d   i n   e q u a t i o n s   ( 1 0 )   a n d   ( 1 2 )  7 
T tempera ture  
c o o r d i n a t e   f u n c t i o n s   ( t e m p e r a t u r e   m o d e s )   d e f i n e d   i n   e q u a t i o n s  ( 7 )  
and (8) 
Tm 
x1 I X 2  
B r  parameters  (see table I) 
a m p l i t u d e   o f   s i n u s o i d a l   t e m p e r a t u r e   v a r i a t i o n  (see f i g .  1 )  
C a r t e s i a n  c o o r d i n a t e s  
r boundary of s t r u c t u r e   ( o r   s o l i d )  
Y I  Y, n o n l i n e a r   c o n d u c t i v i t y   c o e f f i c i e n t s  (see t a b l e  I)  
- 
Y c o n s t a n t  (see table I )  
& e m i s s i v i t y   o f . f i n s u r a c e  
e nondimensional   temperature  (see t a b l e  I)  
'e f i r s t  e i g e n f u n c t i o n  f o r  z e r o t h - o r d e r  p e r t u r b a t i o n  e q u a t i o n  
ei I ei d i m e n s i o n l e s s   c o o r d i n a t e   f u n c t i o n s   d e f i n e d   i na p p e n d i x  
, j  
P r ad ia t ion -conduc t ion   pa rame te r  (see t a b l e  I )  
5, 5 , I 5 ,  d imens ion le s s   coo rd ina te s  (see table I) 
= 1 - 5  
0 Stefan-Boltzmann  constant  
4e 
4Ji I 4Ji unde te rmined   coe f f i c i en t s   ( ampl i tudes   o fcoord ina te   func t ions )  
ampl i tude  of e i g e n f u n c t i o n  
,j 
P domain of s t r u c t u r e  (or  s o l i d )  
3 
S u b s c r i p t s :  
a ambient  
b f i n  base 
S e f f e c t i v e   s i n k  
BASIC IDEA OF HYBRID TECHNIQUE 
Governing Equations 
The  s teady-s ta te  thermal  response  of a s t r u c t u r e  o r  sol id  can  be d e s c r i b e d  by 
t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n  a n d  b o u n d a r y  c o n d i t i o n s :  
and 
where T is the   t empera tu re ,  $f and 8 are d i f f e r e n t i a l   o p e r a t o r s ,  51 i s  t h e  
domain of the s t r u c t u r e  or s o l i d ,  and l? is  its boundary. The d i f f e r e n t i a l   o p e r a t o r  
i nc ludes   non l inea r   conduc t ion ,   convec t ion ,   and   r ad ia t ion  terms. 
The a p p l i c a t i o n  o f  t h e  h y b r i d  perturbation/Bubnov-Galerkin t e c h n i q u e  t o  t h e  
s o l u t i o n  of e q u a t i o n s  ( 1  and ( 2 )  can  be c o n v e n i e n t l y   d i v i d e d   i n t o   t h e   f o l l o w i n g  t w o  
d i s t i n c t  steps: (1 )   gene ra t ion   o f   coo rd ina te   func t ions   (o r   t empera tu re   modes )   u s ing  
t h e  s t a n d a r d  r e g u l a r  p e r t u r b a t i o n  m e t h o d  a n d  ( 2 )  computat ion of t he  ampl i tudes  of t h e  
coord ina te   func t ions   v ia   the   Bubnov-Galerk in   t echnique .  The procedure i s  d e s c r i b e d  
i n  d e t a i l  s u b s e q u e n t l y .  
Genera t ion  of  Coordina te  Funct ions  
For  the  pu rpose  o f  gene ra t ing  the  r equ i r ed  coord ina te  func t ions  (or t e m p e r a t u r e  
m o d e s ) ,  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  (eq. ( 1 ) )  i s  embedded i n  a s i n g l e -  or 
multiple-parameter fami ly  of equa t ions  o f  the form: 
€or the s ingle-parameter  case and 
4 
f o r   t h e  two-parameter case, where q, q1 , and q2 are  normal iz ing  or p e r t u r b a t i o n  
parameters. Extension t o  more than  t w o  parameters is s t r a i g h t f o r w a r d   a n d  is  n o t  
d i s c u s s e d  h e r e i n .  
Fo r  non l inea r  t he rma l  problems ,-it is  cgnvenient  t o  c h o o s e  t h e  p e r t u r b a t i o n  
parameters s u c h   t h a t   h e   o p e r a t o r s  8 and g can be decomposed as fo l lows:  
and 
- 
where go and are f i n e m  d i f f e r e n t i a l  operators which are independent  of 
q,  q l ,  and q2; y, and are nofineah o p e r a t o r s   i n  T and i t s  spat ia l  
d e r i v a t i v e s .  
N 
00 - ,., 
1 
The  temperature T is r e p r e s e n t e d  by t h e   r e g u l a r   p e r t u r b a t i o n   e x p a n s i o n :  
n- 1 
T = qi Ti (7) 
i = O  
f o r  t h e  s i n g l e  parameter case, and 
fo r   t he   two-pa rame te r  case, where Ti and   T i ,  j are p e r t u r b a t i o n   f u n c t i o n s   w h i c h  
r e p r e s e n t   t e m p e r a t u r e  modes;  and n is t h e  t o t a l  number  of terms i n   t h e   e x p a n s i o n .  
For  the  two-parameter case n = L ( n  i- l ) ( n l  + 2 ) .  The d i f f e r e n t i a l   e q u a t i o n s   u s e d  
i n   g e n e r a t i n g  Ti (or  Ti . )  are ob ta ined   by   subs t i t u t ing   t he   t empera tu re   expans ion  
(eq. ( 7 )  or eq. (8)), i n t o   t h e   g o v e r n i n g   d i f f e r e n t i a l   e q u a t i o n  (eq. ( 3 )  or eq. ( 4 ) )  
a n d   s e t t i n g   t h e   c o e f f i c i e n t s   o f  q1 ( o r  qlqJ) s u c c e s s i v e l y   e q u a l  t o  zero .  This 
l e a d s  t o  t h e  f o l l o w i n g  r e c u r s i v e  se t  of e q u a t i o n s  ( f o r  a d e t a i l e d  d e s c r i p t i o n  of t h e  
r e g u l a r  p e r t u r b a t i o n  t e c h n i q u e ,  see any  of the monographs  on the  sub jec t ,  e .g . ,  
r e f s .  7 and 8): 
2 1  
r 3  
g o ( T O )  = 0 
- 
5 
IIIIIIIII I l l l l l l I l I I l l l I l l l l l l l l 1 1 1 1 l 1 l 1 l l 1 l l 1 l 1 1 1 1  
for the s ingle-parameter  case, and 
3 (T ) = o  
00 0 ,o  
N N 
( i > O ,  j > O  or i > o ,  j 2 0 )  
( 1 1 )  
(1  2)  
,., I - - 
f o r  t h e  two-parameter case where go, goo, gi, and 2; are finUVl d i f f e r e n t i a l  
operators; Rj depends  on TR, w i t h  R < j; and R i j  depends  on T w i t h  
R < i ,  k < j  o r  R < i ,  k < j .  
", 
R,k 
N o t e  t h a t   w h e r e a s  the o r i g i n a l  d i f f e r e n t i a l  e q u a t i o n  (eq. ( 3 )  or eq. ( 4 ) )  i s  
n o n l i n e a r ,  t h e  r e c u r s i v e  set  o f  e q u a t i o n s  (eqs. (9 )  and ( 1  0 )  or eqs. ( 1  1)  and  (1  2 )  ) 
i s  & fineah. 
For p r e s c r i b e d  n o n z e r o  v a l u e s  f o r  t h e  b o u n d a r y  t e m p e r a t u r e s  o r  t h e i r  spa t ia l  
d e r i v a t i v e s ,   t h e   z e r o t h - o r d e r   p e r t u r b a t i o n   f u n c t i o n  To !or To,o) i s  used t o  sa t -  
i s f y  t h e s e  nonhomogeneous  boundary  conditions. A l l  t h e   h l g h e r - o r d e r   p e r t u r b a t i o n  
f u n c t i o n s ,  s o l u t i o n s  o f  e q u a t i o n  ( 1  0 )  (or eq. ( 1  2 )  ) ,  s a t i s f y  o n l y  homogeneous 
boundary   condi t ions  . 
Computation of Amplitudes of Coordinate Functions 
The p e r t u r b a t i o n   f u n c t i o n s  Ti ( O r  T i t ,  . )  are now chosen as coord ina te   func -  
t i o n s  a n d  t h e  t e m p e r a t u r e  is expressed  as a l i n e a r  c o m b i n a t i o n  of these f u n c t i o n s  as 
follows: 
n- 1 
T = Gi Ti 
i=O 
f o r   t h e   s i n g l e - p a r a m e t e r  case, and 
for   the   two-parameter  case where 4i and  Q i ,  are unknown parameters which repre- 
s e n t  a m p l i t u d e s  o f  t h e  c o o r d i n a t e  f u n c t i o n s  (or temperature  modes) 
a n d   n  e q u a l s   t h e   t o t a l  number of modes. I n   t h e  two-parameter case, Ti and Ti,j 
1 
2 1  n = -(n + 1 )  ( n ,  + 2) 
The parameters +i (or Gi, ) are obta ined  by applying  the  Bubnov-Galerkin 
t e c h n i q u e   t o   t h e   g o v e r n i n g   d i f f e r e n t i a l   e q u a t i o n  (eq. ( 3 )  or eq. ( 4 ) ) .  The r e s u l t i n g  
s e t  of n non l inea r   equa t ions   can  be cast  i n   t h e   f o l l o w i n g   f o r m :  
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Note tha t   fo r   p re sc r ibed   nonze ro   boundary   cond i t ions ,  the parameter Go ( o r  
i s  u s e d  t o  s a t i s f y  t h e s e  b o u n d a r y  c o n d i t i o n s ;  t h e r e f o r e ,  the number  of f r e e  parame- 
ters r e d u c e s   t o  n-1 . 
Comments  on S e l e c t i o n  of  Coordinate  Funct ions 
The chosen set o f  c o o r d i n a t e  f u n c t i o n s  h a s  t h e  f o l l o w i n g  two p r o p e r t i e s :  
1. They are l i n e a r l y  i n d e p e n d e n t  a n d  s p a n  t h e  space of s o l u t i o n s  i n  t h e  n e i g h -  
b o r h o o d   o f   t h e   p o i n t   o f   t h e i r   g e n e r a t i o n .   T h e r e f o r e ,   t h e y   f u l l y   c h a r a c t e r -  
i z e  t h e  n o n l i n e a r  s o l u t i o n  i n  t h a t  n e i g h b o r h o o d .  
2. T h e i r   g e n e r a t i o n ,   u s i n g   t h e   r e g u l a r   p e r t u r b a t i o n   t e c h n i q u e ,   r e q u i r e s   t h e  
s o l u t i o n  o f  a r e c u r s i v e  set  of finean d i f f e r e n t i a l  e q u a t i o n s .  
The f i r s t  p r o p e r t y  i s  necessary for  the convergence of  the Bubnov-Galerkin 
approximation.  The second  proper ty   enhances   the   e f fec t iveness   o f   the   p roposed   hybr id  
t echn ique  fo r  so lv ing  non l inea r  t he rma l  p rob lems .  
The mathematical  complexi ty  of t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  u s e d  i n  
g e n e r a t i n g  t h e  c o o r d i n a t e  f u n c t i o n s  b u i l d s  u p  r a p i d l y  w i t h  t h e  i n c r e a s e  i n  t h e  number 
o f   t h e s e   f u n c t i o n s .   T h e r e f o r e ,  it is c o n v e n i e n t  t o  g e n e r a t e  o n l y  a few c o o r d i n a t e  
functions  and  augment  them,  for  example,  by t h e  f i r s t  e i g e n f u n c t i o n  of the z e r o t h -  
o r d e r   p e r t u r b a t i o n   e q u a t i o n .  The performance  of  the  augmented set  of c o o r d i n a t e  
f u n c t i o n s  w i l l  b e  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  
NUMERICAL STUDIES 
To e v a l u a t e  t h e  e f f e c t i v e n e s s  of   the   p roposed   hybr id   ana lys i s   t echnique ,  three 
non l inea r   s t eady- s t a t e   t he rma l   p rob lems  were so lved .   For   each   problem,   the   so lu t ions  
ob ta ined  by t h e  h y b r i d  t e c h n i q u e  were compared  wi th  exac t  so lu t ions  (whenever  ava i l -  
a b l e ) ,  t h e  r e g u l a r  p e r t u r b a t i o n  e x p a n s i o n s ,  a n d  o t h e r  n u m e r i c a l  a p p r o x i m a t i o n s .  
H e r e i n   t h e   r e s u l t s   o f   t h r e e   t y p i c a l   s t e a d y - s t a t e   t h e r m a l   p r o b l e m s  are d i s c u s s e d .  The 
three   p roblems are ( 1 )  two-dimens iona l   conduct ion   in  a s q u a r e  p l a t e ,  ( 2 )  a one- 
d i m e n s i o n a l  c o n d u c t i n g - c o n v e c t i n g  f i n  w i t h  v a r i a b l e  h e a t - t r a n s f e r  c o e f f i c i e n t ,  a n d  
( 3 )  a o n e - d i m e n s i o n a l   c o n d u c t i n g - c o n v e c t i n g - r a d i a t i n g   f i n .   I n   t h e   f i r s t   a n d   t h i r d  
p rob lems ,   t he   t he rma l   conduc t iv i ty  is assumed t o  be tempera ture   dependent .  The t h r e e  
problems were ana lyzed  by u s i n g  t h e  r e g u l a r  p e r t u r b a t i o n  t e c h n i q u e  i n  r e f e r e n c e  9. A 
summary  of t h e  d i f f e r e n t i a l  e q u a t i o n s  a n d  b o u n d a r y  c o n d i t i o n s  f o r  t h e  t h r e e  p r o b l e m s  
is g i v e n  i n  t a b l e  I. 
To assess the accuracy  of t h e  s o l u t i o n s  o b t a i n e d  by the d i f f e r e n t  t e c h n i q u e s  f o r  
each of  the three problems,  the tempera ture  is e v a l u a t e d  a t  a l a r g e  number o f  p o i n t s  
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i n   t h e   s o l u t i o n  domain.  Then a vec to r   o f   t empera tu re  errors {AT} i s  computed as 
fo l lows:  
A weighted  Eucl idean norm of {AT} is  used as a g l o b a l  error measure,  namely 
w h e r e   s u p e r s c r i p t  t d e n o t e s   t r a n s p o s i t i o n ,   a n d  m i s  the number of p o i n t s  a t  which 
the   numer i ca l   va lues   o f   t he   t empera tu re  are eva lua ted .   Fo r   t he   t h ree   p rob lems   ana -  
lyzed ,  m w a s  chosen t o  he 49, 30 ,  and 30,  r e s p e c t i v e l y .  
Two-Dimensional  Conduction i n  S q u a r e  Plate  
The f i r s t  problem considered is t h a t  o f  s t e a d y - s t a t e  t h e r m a l  c o n d u c t i o n  i n  a 
t h i n   s q u a r e   p l a t e   w i t h   p r e s c r i b e d   b o u n d a r y   t e m p e r a t u r e s .  (See f i g .  1 . )  The t h e r m a l  
c o n d u c t i v i t y  i s  assumed t o   v a r y   l i n e a r l y   w i t h   t e m p e r a t u r e .  An e x a c t  a n a l y t i c  s o l u -  
t i o n  based on the  Ki rchhof f  t r ans fo rma t ion  and  a p e r t u r b a t i o n  s o l u t i o n  were p r e s e n t e d  
i n   r e f e r e n c e  9. As i n   r e f e r e n c e  9, t h e   p e r t u r b a t i o n  parameter q w a s  c h o s e n   i n   t h e  
p r e s e n t   s t u d y  t o  be t h e   n o n l i n e a r   c o n d u c t i v i t y   c o e f f i c i e n t  y. (See table- I. ) 
Two sets o f   c o o r d i n a t e   f u n c t i o n s  are c o n s i d e r e d   i n   t h e   h y b r i d   t e c h n i q u e .  The 
f i r s t  set  u s e s   t h e  two terms o f  t h e  p e r t u r b a t i o n  e x p a n s i o n  g i v e n  i n  r e f e r e n c e  9. I n  
the  second  set, t h e  two c o o r d i n a t e  f u n c t i o n s  o f  the f i r s t  s e t  are augmented by the 
lowest e igenmode  of   the   zero th-order   per turba t ion   equat ion .  The e x p l i c i t  f o r m s  of 
t h e  c o o r d i n a t e  f u n c t i o n s  are l i s t e d   i n   t h e   a p p e n d i x .   S i n c e   o n e   c o o r d i n a t e   f u n c t i o n  
( z e r o t h - o r d e r  p e r t u r b a t i o n  s o l u t i o n )  is u s e d  i n  s a t i s f y i n g  t h e  n o n z e r o  prescribed 
boundary  cond i t ion ,  t he  f i r s t  set  o f  c o o r d i n a t e  f u n c t i o n s  a l l o w s  t h e  u s e  o f  a s i n g l e  
free parameter and  the  second s e t  h a s  t w o  free parameters. The numer ica l   va lues   o f  
t h e  a m p l i t u d e s  of the c o o r d i n a t e  f u n c t i o n s  i n  t h e  h y b r i d  t e c h n i q u e  are g i v e n  i n  
table 11 for  t h e  t w o  cases q = 1 and q = 3.  Note t h a t   t h e   a m p l i t u d e s  of t h e  f i r s t  
t w o - c o o r d i n a t e   f u n c t i o n s   i n   t h e   r e g u l a r   p e r t u r b a t i o n   t e c h n i q u e  are e q u a l  t o  1 and q, 
r e s p e c t i v e l y .  
An i n d i c a t i o n  o f  t h e  a c c u r a c y  o f  t h e  s o l u t i o n s  o b t a i n e d  w i t h  t h e  h y b r i d  t e c h -  
n ique   and   t he   pe r tu rba t ion  method is  g i v e n  i n  f i g u r e  1 .  The error norm f o r  f o u r  
d i f f e r e n t  v a l u e s  o f  t h e  n o n l i n e a r  c o n d u c t i v i t y  c o e f f i c i e n t  ( p e r t u r b a t i o n  parameter), 
namely, q = 0.5, 1 .O, 3.0 ,  and 5.0, i s  shown i n   f i g u r e  2. An examina t ion   o f   f i g -  
u r e s  1 and 2 reveals the   fo l lowing :  
1 .  As e x p e c t e d ,  t h e  a c c u r a c y  o f  t h e  p e r t u r b a t i o n  s o l u t i o n s  d e t e r i o r a t e s  r a p i d l y  
w i t h   t h e   i n c r e a s e   i n   t h e   p e r t u r b a t i o n  parameter q ( f i g .  2) ,  p a r t i c u l a r l y   f o r  
q > 1 .O. For q = 3.0, the p e r t u r b a t i o n  s o l u t i o n  w a s  c o n s i d e r a b l y  i n  error 
( f i g .  I ) ,  a n d  f o r  q = 5.0, t h e  error norm for t h e  p e r t u r b a t i o n  e x p a n s i o n  c o u l d  n o t  
be shown i n  figure 2. 
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2. The s o l u t i o n s  o b t a i n e d  by us ing  the  hybr id  t echn ique  wi th  two-coord ina te  
f u n c t i o n s   ( o n e   f r e e  parameter) w e r e  r e a s o n a b l y   a c c u r a t e   f o r  q C 3.0. For q > 3.0, 
t h e  h y b r i d  t e c h n i q u e  p r e d i c t s  q u a l i t a t i v e l y  the c o r r e c t  t e m p e r a t u r e  d i s t r i b u t i o n .  
3. The a c c u r a c y  o f  t h e  s o l u t i o n s  o b t a i n e d  by t h e  h y b r i d  t e c h n i q u e  w a s  cons ide ra -  
bly  improved when the   two-coord ina te   func t ions  were augmented by the eigenmode.  This 
is p a r t i c u l a r l y   t r u e   f o r  q > 3.0. (See f i g s .  1 and 2.) 
One-Dimensional Conducting-Convecting Fin with 
Var i ab le  Hea t -Trans fe r  Coef f i c i en t  
The  second  problem i s  a s t r a i g h t  c o n d u c t i n g - c o n v e c t i n g  f i n  of l e n g t h  L, c r o s s -  
s e c t i o n a l  area A, and perimeter c, exposed on bo th  sides t o  a f r e e   c o n v e c t i v e   e n v i -  - - 
ronment  of  temperature (See f i g .  3.) The boundary  condi t ions are a c o n s t a n t  
base temperature   and  an adiabatic t i p .  The t h e r m a l   c o n d u c t i v i t y  k i s  assumed t o  
independent   o f   the   t empera ture .  The c o n v e c t i v e   h e a t - t r a n s f e r   c o e f f i c i e n t  is taken  
be of  the  form: 
Ta 
b e  
t o  
h = h O  B b 
T - Ta 
where 8 = i s  a no rma l i zed   t empera tu re   de f ined   i n terms of   the ambient  t e m -  
p e r a t u r e  Ta a n d   t h e   f i n  base tempera ture  Tb; p is  a small parameter 
( p  = 0.25 and 0.33 f o r  l a m i n a r  a n d  t u r b u l e n t  c o n d i t i o n s ,  r e s p e c t i v e l y  ( r e f .  9 )  1; 
and  hb = T(Tb - Ta) P, where 7 is a c o n s t a n t .  
Tb - Ta 
Two d i f f e r e n t   c h o i c e s  were made f o r   t h e   p e r t u r b a t i o n  parameter q. The f i r s t  
cho ice  is t h e  same as t h a t  o f   r e f e rence  9, namely q = p.  The second  choice i s  
where h2 i s  a c o n v e c t i o n - c o n d u c t i o n   f i n  parameter ( table  I ) .  The la t ter  cho ice  
r e s u l t e d   i n   s i g n i f i c a n t l y   s i m p l i f i e d   e x p r e s s i o n s   o f   t h e   c o o r d i n a t e   f u n c t i o n s .   F o r  
case 1 ,  q = PI  two-coord ina te   func t ions  were u s e d ,   a n d   f o r  case 2, q = h , fou r -  
c o o r d i n a t e   f u n c t i o n s  w e r e  g e n e r a t e d .   T h i s   c o r r e s p o n d s   t o  a s i n g l e  f r e e  parameter i n  
case 1 a n d   t h r e e   f r e e  parameters i n  case 2. The expres s ions   o f   t he   coo rd ina te   func -  
t i o n s  f o r  t h e  two cases are g i v e n  i n  t h e  a p p e n d i x .  
2 
A n  i n d i c a t i o n  o f  t h e  a c c u r a c y  o f  t h e  s o l u t i o n s  o b t a i n e d  by t h e  h y b r i d  t e c h n i q u e  
and the regular p e r t u r b a t i o n  method are g iven  i n  f i g u r e  3 f o r  h = 1.0 and 2.0 and 
p = 0.33 and 1 .O. The la t ter  v a l u e   o f  f3 has   no   phys i ca l   s ign i f i cance   and  w a s  
selected i n  o r d e r  t o  a m p l i f y  the e f f e c t  of the magnitude of the p e r t u r b a t i o n  parame- 
ter on t h e  q u a l i t y  of t h e  s o l u t i o n s .  The s t anda rd   fo r   compar i son  w a s  t a k e n  t o  b e  t h e  
f i n i t e - e l e m e n t  s o l u t i o n  o b t a i n e d  by us ing  a uniform gr id  of 15 t h r e e - n o d e d  f i n i t e  
e l e m e n t s   w i t h   q u a d r a t i c   L a g r a n g i a n   i n t e r p o l a t i o n   f u n c t i o n s   f o r   t h e   t e m p e r a t u r e .  As 
can  be seen  f rom f igu re  3, the  accuracy  of  the p e r t u r b a t i o n  s o l u t i o n  is v e r y  s e n s i -  
t i v e  t o  b o t h  the choice  and  the  magni tude  of  the p e r t u r b a t i o n  parameter. For 
q = P I  the two-term p e r t u r b a t i o n   e x p a n s i o n  is a c c u r a t e  f o r  (3 = < 0.33 b u t  becomes 
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q u i t e   i n a c c u r a t e   f o r  f3 = 1.0. On the   o the r   hand ,  for q = A2, the   four - te rm 
p e r t u r b a t i o n   e x p a n s i o n  is g r o s s l y  i n  error for  a l l  A 2 1.0. The p e r t u r b a t i o n  
s o l u t i o n s  for A = 2 c o u l d   n o t  be shown i n  f i g u r e  3. By c o n t r a s t ,  the a c c u r a c y  of 
the s o l u t i o n s  o b t a i n e d  b y  the hybr id  t echn ique  were found t o  be i n s e n s i t i v e  t o  t h e  
c h o i c e   o f   t h e   p e r t u r b a t i o n  parameter. The s o l u t i o n s   o b t a i n e d  by  using q = $ 
and q = A2 were e q u a l l y   a c c u r a t e   a n d  w e r e  almost i n d i s t i n g u i s h a b l e  from t h e  f i n i t e -  
e l e m e n t  s o l u t i o n s .  
One-Dimensional Conducting-Convecting-Radiating Fin 
The l a s t  problem considered is that of one-dimensional conduction i n  a s t r a i g h t  
f i n  o f   l eng th  L, c r o s s - s e c t i o n a l  area A, and perimeter c. Heat t r a n s f e r   f r o m   t h e  
s u r f a c e   o f   t h e   f i n   i n v o l v e s   b o t h   c o n v e c t i o n   a n d   r a d i a t i o n .  The t h e r m a l   c o n d u c t i v i t y  
i s  assumed to  v a r y  l i n e a r l y  w i t h  t e m p e r a t u r e  a n d  t h e  c o n v e c t i v e  h e a t - t r a n s f e r  c o e f f i -  
c i e n t   a n d   t h e   s u r f a c e   e m i s s i v i t y  are h e l d   c o n s t a n t .  The boundary  condi t ions  con-  
s i s t e d  o f  a c o n s t a n t  base tempera ture  and  an  adiabatic t i p .  
The s o l u t i o n  t o  t h i s  p r o b l e m  u s i n g  a two-parameter r e g u l a r  p e r t u r b a t i o n  t e c h -  
n i q u e  w a s  p r e s e n t e d  i n  r e f e r e n c e  9. The two p e r t u r b a t i o n  parameters were chosen t o  
be t h e   n o n l i n e a r   c o n d u c t i o n   c o e f f i c i e n t  y, and   t he   r ad ia t ion -conduc t ion   pa rame te r  p. 
(See table I.) The s i x  terms of t h e   p e r t u r b a t i o n   e x p a n s i o n  of r e f e r e n c e  9 were used 
as coord ina te  func t ions ,  and  s ince  one  coord ina te  func t ion  w a s  used i n  s a t i s f y i n g  t h e  
p re sc r ibed  nonze ro  boundary  cond i t ion ,  on ly  f ive  parameters are l e f t  as f r e e  parame- 
ters. The e x p r e s s i o n s   o f   t h e   c o o r d i n a t e   f u n c t i o n s  are g i v e n   i n   t h e   a p p e n d i x .  
The accuracy of  the s o l u t i o n s  o b t a i n e d  w i t h  t h e  h y b r i d  t e c h n i q u e  a n d  t h e  two- 
parameter  per turba t ion  method is  shown i n  f i g u r e  4 for  t h r e e  d i f f e r e n t  v a l u e s  o f  t h e  
n o n l i n e a r  c o n d u c t i o n  c o e f f i c i e n t  a n d  t h e  r a d i a t i o n - c o n d u c t i o n  parameter ( p e r t u r b a t i o n  
parameters q1 and q2, r e s p e c t i v e l y ,  q1 = q2 = 0.5, 1 .O, and 3.0). The s t a n d a r d  
of comparison i s  t a k e n  t o  be t h e  f i n i t e - e l e m e n t  s o l u t i o n  u s i n g  a uni form gr id  of  
1 5  t h r e e - n o d e d  f i n i t e  e l e m e n t s  w i t h  q u a d r a t i c  i n t e r p o l a t i o n  f u n c t i o n s  f o r  t h e  temper- 
a t u r e .  As can be seen   f rom  f igu re  4, the s o l u t i o n s  o b t a i n e d  w i t h  t h e  p e r t u r b a t i o n  
method f o r  q1 = q2 = 3.0 are g r o s s l y   i n  error. By c o n t r a s t ,   t h e   s o l u t i o n s   o b t a i n e d  
w i t h  t h e  h y b r i d  t e c h n i q u e  are i n  close a g r e e m e n t  w i t h  t h e  f i n i t e - e l e m e n t  s o l u t i o n  
e x c e p t  for  t h e  small t e m p e r a t u r e s   n e a r   t h e  t i p .  The convergence of t h e  s o l u t i o n s  
o b t a i n e d  w i t h  t h e  h y b r i d  t e c h n i q u e  w i t h  t h e  i n c r e a s e  i n  t h e  number o f  c o o r d i n a t e  
f u n c t i o n s  i s  c o n t r a s t e d  w i t h  t h e  c o n v e r g e n c e  o f  t h e  p e r t u r b a t i o n  t e c h n i q u e  i n  f i g -  
u r e  5. The error norms f o r   t h e   s i x - t e r m   p e r t u r b a t i o n   e x p a n s i o n   w i t h  q1 = q2 = 3.0 
and  5.0  could  not be shown i n  f i g u r e  5. As can be s e e n  from f i g u r e  6, t h e  a d d i t i o n  
of  the eigenmode t o  t h e  c o o r d i n a t e  f u n c t i o n s  r e s u l t e d  i n  r e d u c i n g  t h e  e r r o r s  n e a r  t h e  
t ip .  For A = 5.0,  and q1 = q2 = 3.0, t h e  maximum error i n  t h e  small tempera ture  a t  
t h e  t i p  ob ta ined   by   u s ing   s ix -coord ina te   func t ions  was 18.9  percent .   This  error 
reduced t o  10.6 p e r c e n t  when the eigenmode w a s  added. 
POTENTIAL OF THE PROPOSED HYBRID TECHNIQUE 
The p roposed  hybr id  ana lys i s  t echn ique  appears t o  h a v e  h i g h  p o t e n t i a l  f o r  s o l u -  
t i o n   o f   n o n l i n e a r   s t e a d y - s t a t e  thermal problems. The numer i ca l   s tud ie s   conduc ted  
c l e a r l y   d e m o n s t r a t e d   t h e   a c c u r a c y   a n d   e f f e c t i v e n e s s   o f   t h e   t e c h n i q u e .   I n   p a r t i c u l a r ,  
t h e  f o l l o w i n g  two p o i n t s  are worth mentioning: 
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1 .  The proposed  hybr id  technique  can  be thought  of as e i t h e r  o f  t h e  f o l l o w i n g :  
( a )  A g e n e r a l i z e d  p e r t u r b a t i o n  method i n  which ( 1 )  t h e  p e r t u r b a t i o n  e x p a n s i o n  
of the t empera tu re  con ta ins  free parameters, r a t h e r  t h a n  f i x e d  c o e f f i c i e n t s  a n d  
( 2 )  t h e  p e r t u r b a t i o n  parameters need   no t  be small. S ince   t he   accu racy   o f   t he   so lu -  
t i o n s  o b t a i n e d  w i t h  t h e  h y b r i d  t e c h n i q u e  is i n s e n s i t i v e  t o  t h e  c h o i c e  o f  p e r t u r b a t i o n  
parameters, t h e y  may be i n t r o d u c e d  a r t i f i c i a l l y  t o  s i m p l i f y  t h e  form of t h e  r e c u r s i v e  
s e t  o f  d i f f e r e n t i a l  e q u a t i o n s  u s e d  i n  e v a l u a t i n g  t h e  v a r i o u s - o r d e r  p e r t u r b a t i o n  
s o l u t i o n s .  
( b )  An extended  Bubnov-Galerk in  approach  wi th  the  coord ina te  func t ions  gener -  
ated b y  u s i n g  t h e  s t a n d a r d  r e g u l a r  p e r t u r b a t i o n  t e c h n i q u e ,  r a t h e r  t h a n  c h o s e n  
a priori .  
2. The h y b r i d  t e c h n i q u e  p r e s e n t e d  h e r e i n  is  t h e  a n a l y t i c  c o u n t e r p a r t  of t h e  
r educ t ion   me thod   p re sen ted   i n   r e f e rence  6. I n   t h e   r e d u c t i o n   m e t h o d ,   t h e   i n i t i a l  
d i s c r e t i z a t i o n  is done via f i n i t e  e l e m e n t s ,  t h e n  t h e  v e c t o r  o f  f u n d a m e n t a l  unknowns 
is expressed  as a l i nea r  combina t ion  o f  a small number of  global- temperature  modes o r  
basis vectors  and the Bubnov-Galerkin technique i s  used t o  c o m p u t e  t h e  c o e f f i c i e n t s  
i n  t h e  l i n e a r  c o m b i n a t i o n .  The p r imary   ob jec t ive   o f   u s ing   t he   r educ t ion  method is t o  
r educe  cons ide rab ly  the  number of degrees of freedom i n  t h e  i n i t i a l  d i s c r e t i z a t i o n ,  
and  hence ,  r educe  the  computa t iona l  e f fo r t  i nvo lved  in  the  so lu t ion  o f  t he  p rob lem.  
By c o n t r a s t ,  t h e  o b j e c t i v e s  of t h e   f o r e g o i n g   h y b r i d   t e c h n i q u e  are ( a )  t o  e x t e n d   t h e  
r a n g e  o f  v a l i d i t y  o f  t h e  r e g u l a r  p e r t u r b a t i o n  method  by  removing  the r e s t r i c t i o n  o f  a 
small pe r tu rba t ion  pa rame te r  and  ( b )  t o  enhance  the  e f f ec t iveness  o f  t he  Bubnov- 
Galerk in  technique  by r e m o v i n g  t h e  a r b i t r a r i n e s s  i n  t h e  s e l e c t i o n  o f  t h e  c o o r d i n a t e  
f u n c t i o n s .  
3 .  The hybr id  technique  can  be a p p l i e d ,  i n  c o n j u n c t i o n  w i t h  o t h e r  n u m e r i c a l  
d i s c r e t i z a t i o n  t e c h n i q u e s ,  t o  t h e  n o n l i n e a r  t h e r m a l  a n a l y s i s  of p r a c t i c a l  s t r u c t u r e s  
wi th   compl ica ted   geometr ies .  To accompl i sh   t h i s ,  a p a r t i t i o n i n g  scheme  can be used 
w i t h   t h e   s t r u c t u r e   d i v i d e d   i n t o   s u b s t r u c t u r e s .  The s u b s t r u c t u r e s   w i t h   s i m p l e  geome- 
t r y  are ana lyzed  by u s i n g  t h e  f o r e g o i n g  h y b r i d  a n a l y t i c a l  t e c h n i q u e ,  a n d  t h e  s u b -  
s t ruc tures   wi th   compl ica ted   geometry   (e .g . ,   near   the   boundar ies   o r   in te r faces)  are 
ana lyzed  by u s i n g  n u m e r i c a l  d i s c r e t i z a t i o n  p r o c e d u r e s .  
CONCLUDING REMARKS 
A h y b r i d  a n a l y s i s  t e c h n i q u e  b a s e d  on the  combined  use  o f  r egu la r  pe r tu rba t ion  
expansion and the classical  Bubnov-Galerkin approximation is p r e s e n t e d  f o r  p r e d i c t i n g  
t h e   n o n l i n e a r   s t e a d y - s t a t e   t e m p e r a t u r e   d i s t r i b u t i o n s   i n   s t r u c t u r e s   a n d  solids.  The 
a p p l i c a t i o n  o f  t h e  t e c h n i q u e  t o  t h e  s o l u t i o n  o f  n o n l i n e a r  t h e r m a l  problems can be 
c o n v e n i e n t l y   d i v i d e d   i n t o   t h e   f o l l o w i n g  two stages: g e n e r a t i o n  of coord ina te   func -  
t i o n s  ( o r  t e m p e r a t u r e  m o d e s )  u s i n g  t h e  s t a n d a r d  r e g u l a r  p e r t u r b a t i o n  method  and 
approximating the tempera ture  by a l i n e a r   c o m b i n a t i o n   o f   t h e s e  modes. The classical  
Bubnov-Galerkin  technique is then  used t o  c o m p u t e  t h e  c o e f f i c i e n t s  o f  t h e  l i n e a r  
combinat ion  (ampli tudes of the temperature  modes).  
Three numer ica l  examples  demons t r a t e  t he  e f f ec t iveness  o f  t he  hybr id  ‘ t echn ique  
f o r  t h e  s o l u t i o n  of non l inea r   s t eady- s t a t e   t he rma l   p rob lems .  The t h r e e  problems are 
( 1 )  two-dimensional  conduction i n  a s q u a r e  plate,  ( 2 )  a one-dimensional   conduct ing-  
c o n v e c t i n g  f i n  w i t h  v a r i a b l e  h e a t - t r a n s f e r  c o e f f i c i e n t s ,  a n d  ( 3 )  a one-dimensional 
c o n d u c t i n g - c o n v e c t i n g - r a d i a t i n g   f i n .   I n   t h e   f i r s t   a n d   t h i r d   p r o b l e m s ,  the thermal  
c o n d u c t i v i t y  is  assumed to  va ry  l i nea r ly  wi th  t empera tu re .  
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The r e s u l t s  s u g g e s t  s e v e r a l  c o n c l u s i o n s  r e l a t i v e  t o  t h e  c h o i c e  o f  t h e  c o o r d i n a t e  
func t ions  and  t o  t h e  e f f e c t i v e n e s s  of u s i n g  t h e  p r o p o s e d  h y b r i d  t e c h n i q u e  i n  n o n l i n -  
ear s teady-s ta te  thermal  problems.  These conclus ions  are as fo l lows:  
1.  The proposed  hybr id  technique  explo i t s  the  best e lements  of t h e  r e g u l a r  per- 
t u r b a t i o n  method and the Rubnov-Galerkin technique as fo l lows:  
( a )  The r e g u l a r  p e r t u r b a t i o n  method i s  used as a sys t ema t i c  and  gene ra l  
approach for g e n e r a t i n g  c o o r d i n a t e  f u n c t i o n s .  
(b)  The Bubnov-Galerkin  technique is used as a n  e f f i c i e n t  p r o c e d u r e  f o r  m i n i -  
m i z i n g  a n d  d i s t r i b u t i n g  t h e  error, i n  t h e  t e m p e r a t u r e  a p p r o x i m a t i o n ,  
throughout the domain. 
2.  The proposed  hybr id  technique  ex tends  the  range  of a p p l i c a b i l i t y  of the per- 
t u r b a t i o n  method  and   enhances   the   e f fec t iveness  of the  Bubnov-Galerkin  technique.  It  
a l so  a l l e v i a t e s  t h e  f o l l o w i n g  major drawbacks of the c lass ical  techniques:  
( a )  The requi rement  of  us ing  a small p a r a m e t e r  i n  t h e  r e g u l a r  p e r t u r b a t i o n  
expansion i s  avoided. 
( b )  The method  provides a s y s t e m a t i c  s e l e c t i o n  of t h e  c o o r d i n a t e  f u n c t i o n  (or 
tempera ture  modes) needed in   the   Bubnov-Galerk in   t echnique .  
3. For a g iven  number  of c o o r d i n a t e  f u n c t i o n s ,  t h e  a c c u r a c y  o f  t h e  s o l u t i o n s  
obta ined  by the hybrid technique can be improved by t h e  a d d i t i o n  o f  t h e  f i r s t  
e igenmode of  the  zero th-order  per turba t ion  equat ion  to  t h e  c o o r d i n a t e  € u n c t i o n s .  
This i s  p a r t i c u l a r l y  t r u e  when t h e  number o f  c o o r d i n a t e  f u n c t i o n s  is small. 
4.  The accuracy  o f  t he  so lu t ions  ob ta ined  by t h e  h y b r i d  t e c h n i q u e  is i n s e n s i t i v e  
t o  t h e   c h o i c e   o f   t h e   p e r t u r b a t i o n  parameter(s1. The re fo re ,   t he  parameter(s) may be 
i n t r o d u c e d  a r t i f i c i a l l y  t o  s i m p l i f y  t h e  f o r m  o f  t h e  r e c u r s i v e  s e t  of d i f f e r e n t i a l  
e q u a t i o n s  u s e d  i n  e v a l u a t i n g  t h e  v a r i o u s - o r d e r  p e r t u r b a t i o n  s o l u t i o n s  ( v i z ,  t h e  c o o r -  
d i n a t e  f u n c t i o n s ) .  
Langley Research Center 
Nat ional  Aeronaut ics  and Space Adminis t r a t i o n  
Hampton, VA 23665 
March 21, 1983 
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APPENDIX 
COORDINATE  FUNCTIONS  USED I N  NUMERICAL STUDIES 
The e x p r e s s i o n s  f o r  t h e  c o o r d i n a t e  f u n c t i o n s  u s e d  i n  t h e  t h r e e  problems are 
g iven  i n  th i s   append ix .   These   expres s ions  were gene ra t ed   ( and   checked)   by   u s ing   t he  
computer ized  symbolic   manipulat ion  system MACSYMA ( re f .  I O ) .  The d i f f e r e n t   s y m b o l s  
used i n  the e x p r e s s i o n s  are d e f i n e d  i n  table I. 
Two-Dimens iona l  S teady  conduct ion  in  Square  P la te  
The t w o  c o o r d i n a t e  f u n c t i o n s  are given by 
8 = s i n h  < s i n   / s i n h  7c 0 2 1 
e =  2[m(m2 - 4)n:  s i n h  2 x] -1 [ ( 1  - c o s h   2 d s i n h   m c 2 / s i n h  mn: 
1 m=l , 3 , .  . . 
- ( 1  - cosh  2 c  ) ] s i n  mg 2 1 
The f i r s t  e i g e n f u n c t i o n  f o r  t h e  z e r o t h - o r d e r  p e r t u r b a t i o n  e q u a t i o n  is g i v e n  by 
8 = s i n  F, s i n  5 e 1 2 
Steady-State Analysis of One-Dimensional Conducting-Convecting Fin 
w i t h  v a r i a b l e  H e a t - T r a n s f e r  C o e f f i c i e n t  
T h e   c o o r d i n a t e   f u n c t i o n s   f o r   t h e  two cases q = p and q = h2 are  g iven   by   t he  
f o l l o w i n g  e q u a t i o n s :  
Case 1 :  q = 0 
~~ 
8 = s e c h  h c o s h  k c  
0 
8 = c1 c o s h  A?, + C2f s i n h  A?, - c3 + 42 + = ( A < )  41 - 4 1 
1 3  
AF’ PEND I X  
where 
84 + 42A + - A + - 1 2  360 A + 560 A8) 
2 41 4 37 6 
” A t anh  A s ech  A I n  s e c h  A 
2 
Y 
c2 - 2 
- _  h sech  h I n  s e c h  h 
C3 - _  s e c h  A 
- 
F , = 1 - 5  
Case 2: q = A 2 
e = I  
0 
el = y(-1 + 5 + 5 ) 1 2 1  2 
Steady-State Analysis of One-Dimensional Conducting- 
Convect ing-Radiat ing Fin 
The s i x  c o o r d i n a t e  € u n c t i o n s  i n  t h i s  case are g iven  by t h e  f o l l o w i n g  e q u a t i o n s :  
OO, 0 = s e c h  h cosh  A? 
1 4  
APPENDIX 
I" 
+ - 4 cosh  21s  + c o s h  4 h 4  
9 45 
s e c h  h cosh  cosh  3x2 + - 1 A t  s i n h  2 
" 2h  sech  A 
+ s e c h  A c o s h  A t  s e c h  h cosh  2h  cosh  2h - - 1 cosh 4h) 1 5  
+ -  l o 3   c o s h   3 h  + 576 l 3  c o s h  5 h  + - 9 h s i n h  h 
320 24 3 
4 - _  1 45 2 s e c h  h cosh  cosh  2h - - cosh 4h) 
- -  l o 3   c o s h  3 h t  + - 1 s e c h  h cosh   2h   cosh   413  
320  45 
- 3 
82,o - - 
4 h4 
s inh   At (sech   h[s inh   3h t (9000 - 4000  cosh  2h 
-200 cosh 4 h )  + s i n h  5hs(  1 080 - 480 cosh 2h - 24 cosh 4x1 1 
- 12 960 s inh  215  - 120  s inh  41% + 480 s inh  6hx  + 15 s i n h  8 h t  
+ 3 c o s h  8 h t )  + s e c h  A[& s i n h  AS - - cosh6At)(45 - 20 cosh 2h 2 -  225 
I 
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where 
sech h{sinh h[22 680h + 12 960 sinh 2h + 120 s inh  4h 8 c =  
57 6 0 0 ~ ~  
- 480 s inh  6h  - 1 5  s i n h  8h - sech  h s i n h  3A(9000 - 4000  cosh 2h 
- 200 cosh 4h) - s e c h  h s i n h  5 h ( l 0 8 0  - 480 cosh 2h - 24 cosh 4A) 1 
+ sech h[s inh h(-54 000 + 24 000 cosh  2h + 1200  cosh 4h) 2 
+ cash h(17 280 - 7680 cash 2h - 384 cash 4h)l - 21 600 cash A} 6 5 
and 
The f i r s t  e i g e n f u n c t i o n  of the z e r o t h - o r d e r  p e r t u r b a t i o n  e q u a t i o n  is 
%E 0 = cos  -e 2 
N o t e   t h a t   h e   x p r e s s i o n   f o r  8 is  d i f f e r e n t   f r o m   t h a t   p r e s e n t e d   i n   r e f e r e n c e   9 .  
2 ,o  
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TABLE I.- DIFFERENTIAL OPERATORS AND BOUNDARY CONDITIONS USED I N  NUMERICAL STUDIES 
Boundary 
c o n d i t i o n s  
p e r t u r b a t i o n  
pa rame te r  
c o n d u c t i v i t y  
c o e f f i c i e n t ,  k 
Convec t ion  
c o e f f i c i e n t ,  ? 
D e f i n i t i o n  o f  
symbols  
q u a r e  p l a t e  w i t h  t e m p e r a t u r e -  
d e p e n d e n t  t h e r m a l  c o n d u c t i v i t y  a r i a b l e  h e a t - t r a n s f e r  c o e f f i c i e n t  
Conduct ing-convect ing f i n   w i t h  
hbRP 
I 
C o n d u c t i n g - c o n v e c t i n g - r a d i a t i n g  f i r  
w i t h  v a r i a b l e  t h e r m a l  c o n d u c t i v i t y  
A t  F , = O ,  8 = 1  
e =T , e =I- - 0, es = r =  TS o 
Tb a Tb b 
U E T ~ C L  
k',A 
3 2  
p=- 
18 
T A B L E  11.- A M P L I T U D E S   O F   C O O R D I N A T E   F U N C T I O N S   I N   H Y B R I D   T E C H N I Q U E  
plate w i t h  temperature-dependent  thermal  
c o n d u c t i v i t y ;  q = y 3 
q = l  
Amplitude j n = 2  I n = 3  
qJo ...... 
0.01 56 *qJe ...... 
0.6033  0.6856 qJ1 ...... 
1 .o 1 .o 
.____ . 
*Amplitude of e i g e n f u n c t i o n  8,. 
n = 2  
1 .o 
1.2278 
q = 3  i 
19 
I-" 
- 
Analy t ic  so lu t ion  
PERTURBATION METHOD ( r e f .  9 )  - 
Nondimensional  
temperature,  
e 
1.0 
. 7 5  
.50 
.Z5 
0 
Nondimensional  
temperature.  
e 
I 0 Z-coordinate  funct ions + Z-coordinate  funct ions and  eigenmode ' T E C H N l ~ ~ ~  HYBRID n A 
n 
A 
J 
E B 
(a) T e m p e r a t u r e  d i s t r i b u t i o n  a l o n g  AB. 
I L / n 
( b )  T e m p e r a t u r e  d i s t r i b u t i o n  a l o n g  CD. 
F igu re  1.- Comparison of s o l u t i o n s  o b t a i n e d  by p e r t u r b a t i o n  method  and hybr id  
t echn ique  for squa re  p l a t e  w i th  t empera tu re -dependen t  t he rma l  conduc t iv i ty .  
q = 3.0; e = T/T,. 
20 
" . . , .. , 
I 
E r r o r  
norm, 
e 
0 q = 0 . 5  
= q = 3 . 0  
n-x. 
1 
X 2 r T = T m  sin- L 
0 Z-coordinate  2-coordi  nate 
func t ions   func t ions   and 
PERTURBATION  eigenmode 
METHOD HYBRID TECHNIQUE 
Figure 2.- Accuracy of so lu t ions  ob ta ined  by p e r t u r b a t i o n  method  and hybrid 
technique.  Square  plate  with  temperature-dependent  hermal  conductivity 
(problem 1 
1.0 
.8 
Nondimensional 
temperature, 
e 
. 6  
.4 
1 . 0 '  
8 
Nondimensional 
e 
temperature, .6 
P 
. 2  
0 
p = 1.0 
p = 0.33 
p = 0.33 
I 
.2  
I 1 1 
4 . 6  .8  
( a )  A = 1 .O. 
Finite-element solution 
A q = h ,  4terms 
n q = p, 2 terms 
+ q = p. Z-coordinate 
2 
and functions 
functions 
I 
1.0 
PERTURBATION 
METHOD 
HYBRID 
TECHNIQUE 
p = 0.33 
- 1  I I 1 I 
.2 . 4  
xl/L 
.6 8 1.0 
F i g u r e  3.- Compar ison  of  so lu t ions  obta ined  by p e r t u r b a t i o n  method  and  hybrid 
t echn ique  fo r  one -d imens iona l  conduc t ing -convec t ing  f in  wi th  va r i ah le  hea t -  
t r a n s f e r  c o e f f i c i e n t .  
22  
Nondimensional 
temperature, .6 - A 
e 
1 L 
.2 I I I I 
xl/L 
0 .2 .4  . 6  .8 1.0 
Figure 4.- Comparison of so lu t ions  ob ta ined  by p e r t u r b a t i o n  method  and hybrid technique for  
one-dimensional  conduct ing-convect ing-radiat ing f in  with var iable  thermal  conduct ivi ty .  
= 2.0; q, i s  non l inea r   conduc t iv i ty   coe f f i c i en t ;  q2 i s  rad ia t ion -conduc t ion   f i n  
parameter. 
I 
2.0 
1.5 
E r ro r  
norm,  1.0 
e 
.5 
X 
0 
- 1.0 
0 3.0 
IsS 5.0 
A 
L. . . . . . . *i , = l r .  x1 . .  , . 
. ( .  . . . . .; 
3 terms 6 terms 3-coordinate  6-coordinate 
funct ions  funct ions 
PERTURBATION METHOD HYBRID TECHNIQUE 
d e  -
dxl 
= o  
Figure  5.- Accuracy  and  convergence of s o l u t i o n s  o b t a i n e d  by p e r t u r b a t i o n  method and hybrid technique. 
One-d imens iona l   conduct ing-convect ing- rad ia t ing   f in   wi th   var iab le   thermal   conduct iv i ty ;  q, i s  
n o n l i n e a r   c o n d u c t i v i t y   c o e f f i c i e n t ;  q2 i s  r a d i a t i o n - c o n d u c t i o n   f i n  parameter. 
Nondimensiona 
temperature ,  
9 
Finite-element  solution I 
I A 6 te rms  - PERTURBATION METHOD 1 
0 6-coordinate  functions 
+ 6-coordinate  functions HYBRID 
and eigenmode 
8 = 1  
Figure 6.- Effect of adding eigenmode t o  c o o r d i n a t e  f u n c t i o n s  on accuracy of so lu t ions  obta ined  by  
hybrid  technique.   Conduct ing-convect ing-radiat ing  f in   with  var iable   thermal   conduct ivi ty;  
h = 5.0; 91 = 4 2  = 3.0, 
11111 I I I 
" . _ _ _ ~ _  .~____. 
1. Report No. 
NASA TP-2145 
~~ - "~ 
4. Title and3ubtitle 
" 
HYBRID PERTURBATION/BUBNOV-GALERKIN TECHNIQUE FOR 
NONLINEAR THERMAL A N A L Y S I S  
"" . "- 
7. Author(s) 
~ . - 
Ahmed K. Noor and Chad D. Balch 
9. Performing Organization Name and Address 
-. " __ - . " - -. 
NASA Langley Research Center 
Hampton, VA 23665 
. . ." 
3. Recipient's C a t a l o g  No. 
5. Report  Date 
506-53-53-07 
.~ - 
- 1 8. Performing organization  Report  No. 
J . ~ . .  L-15584 I 10. Work  Unit No. 
- .  ." "I 
__ "" - - ~~ A 13. Type  ofReport  and Period Covered 
12. Sponsoring Agency Name and  Address I Technical  Paper 
- " - - -  - -1 
National Aeronautics and Space Adminis t ra t ion 
Washington, DC 20546 
"_ 
~ ~ "" 
Ahmed K. Noor and Chad D. Balch: The George Washington Universi ty  Joint  Inst i tute  
for  Advancement of  F l igh t  Sc lences ,  Hampton, Vi rg in ia .  
"~ .~. " ~" 
16. Abstract I 
A two-step hybr id  ana lys i s  technique  i s  p resen ted  fo r  p red ic t ing  the  non l inea r  
s t eady- s t a t e  t empera tu re  d i s t r ibu t ion  in  s t ruc tu res  and  so l id s .  The technique i s  
based  on  the  success ive  appl ica t ion  of  the  regular  per turba t ion  expans ion  and  the  
c l a s s i c a l  Bubnov-Galerkin  approximation. The func t ions   a s soc ia t ed   w i th   t he   va r ious -  
o r d e r  terms in  the  pe r tu rba t ion  expans ion  of the temperature are f i r s t  o b t a i n e d  by 
using  the  regular  perturbation  method.  These  functions are s e l e c t e d  as coord ina te  
func t ions  (or  tempera ture  modes) a n d  t h e  c l a s s i c a l  Bubnov-Galerkin  technique i s  then 
used t o  compute the i r  ampl i tudes .  The p o t e n t i a l  of the  proposed  hybrid  technique f o r  
the   solut ion  of   nonl inear   thermal   problems is discussed.  The e f f e c t i v e n e s s  o f  t h i s  
technique i s  demonstrated by means of three numerical examples, which include the 
e f f e c t s  of  conduction,  convection,  and  radiation modes of hea t   t r ans fe r .   Resu l t s   o f  
the s tudy indicate  that  the hybrid technique overcomes the two major  drawbacks  of  thc 
c lass ical  techniques: (1 1 the  requirement  of  using a smal l  parameter  in  the  regular  
pe r tu rba t ion  method and ( 2 )  t h e  a r b i t r a r i n e s s  i n  t h e  c h o i c e  of the coordinate  func-  
t i o n s  i n  t h e  Bubnov-Galerkin  technique.  Therefore,  the  proposed  technique  extends 
the range of  appl icabi l i ty  of  the regular  per turbat ion method and enhances the effec- 
t i veness  of t he  Bubnov-Galerkin  technique. 
'17.  Key Words (Suggested by Authoris) J 
"" -~ " - - " ~ - 
18. Distribution Statement 
. " ~~ ~~ ".+__J 
~ Thermal analysis  Co vect on Unclass i f ied  - Unlimited 
Bubnov-Galerkin  technique  Radiation 
Perturbat ion  technique Heat t r a n s f e r  
Hybrid  technique  Analytical  
Nonlinear  conduction  methods Sub jec t  Category 34 
~ 
19. Security Classif. (of this report) 20. Security Classif. (of this page) 
- ~~ - - " .  
Unclass i f ied   Unclass i f ied  A0 2 
. .  .~ "~ -. -. 
For sa le  by the Nat lonal  Technical  Informat ion Servlce.  Spr ingf ie ld.  Virginla 22161 
NASA-Langley, 1983 
National Aeronautics and 
Space Administration 
Washington, D.C. 
20546 
Official Business 
Penalty for Private Use, $300 
THIRD-CLASS BULK RATE Postage and Fees Paid 
National  Aeronautics  and 
Space  Administration 
NASA451 
POSTMASTER: I f  Undeliverable  (Section 158 
Postal Manual) Do Not Return 
t 
